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Abstract 

Kirill Mackenzie raised in |3 (p- 31) the following question: given a 
morphism _F : f2 — > fi', where Q and fl' are topological groupoids and F 
is continuous on a neighborhood of the base in 51, is it true that F is 
continuous everywhere? 

This paper gives a negative answer to that question. Moreover, we 
shall prove that for a locally compact groupoid Q with non-singleton or- 
bits and having open target projection, if we assume that the continuity 
of every morphism F on the neighborhood of the base in fl implies the 
continuity of F everywhere, then the groupoid Q must be locally transi- 
tive. 
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1 Introduction 

In order to establish notation, we give some definitions that can be found (in 
equivalent form) in several places: To define the term groupoid we 

begin with two sets, il and B, called respectively the groupoid and base, together 
with two maps a and /3, called respectively the source and target projections, 
a map e : u u from B to Q called the object inclusion map, and a partial 
multiplication {x, y) xy 'm ^ defined on the set 

r2*ri = {(a;,2/)Grixr2:a {x) — (3 (?/)} (the set of composable pairs), 

all subject to the following conditions: 

1. a (xy) = a (y) and f3 {xy) — (3 (x) for all {x, y) ^ fl * il. 

2. X [yz] ~ {xy) z for all x,y,z£fl such that a {x) ~ (3 (y) and a (y) ~ (3 (z). 

3. a{u) = P (u) = u for all u & B. 

*This work is supported by MEdC-CNCSIS grant At 127/2004. 
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4. xa {x) = X and /3 {x)x = x for all a; G fi. 

5. Each a; G O has a (two-sided) inverse x~^ such that a (a;~^) = /3(a;), 
/? (a;~-^) = a {x) and a;~^a; = a (a;), a;a;~^ = /3 (a;) . 

The elements of the base B will usually be denoted by letters as u, v, w 
while arbitrary elements of the groupoid Q, will be denoted by x, y, z. 

The fibres of the target and the source projections will be denoted = 
(3^^ ({u}) and Vly = respectively. More generally, given the subsets 

U,V ClB, we define = f]-^ ([/), = a'^ (V) and = {U)r\o-'^ (V). 
The relation u ^ f iff 51" ^ is an equivalence relation on B. Its equivalence 
classes are called orbits and the orbit of a unit u is denoted [u] . A groupoid is 
called transitive iff it has a single orbit. The set fi", obviously a group under 
the restriction of the partial multiplication in fl, is called isotropy group at u. 

A suhgroupoid of is a pair of subsets ^l' C , B' C B , such that a (fi') C 
B', (3 (fi') C i?', u e ri' for all u E B' and Vl' is closed under the partial 
multiplication and inversion in Q.. The inner suhgroupoid {the isotropy group 
bundle) of O is the suhgroupoid GO. = UfiJ^. The base subgroupoid of O is 

u 

the subgroupoid B = {u : u G B}. An element ti of B is called the unity 
corresponding to u. 

A function F : fl ^ fl', where O and O' are groupoids, is called morphism 
if for all composable pairs (x.y) G $1 * $1, (F (x) , F (y)) is a composablc pair in 
n' and F {xy) = F (x) F (y). It is useful to note that F {x'^) = F (x)"^ for all 
X € fl and that F (w) belongs to the base subgroupoid of fl' for all u in the base 
subgroupoid of O. 

Groupoids are generalizations of groups, but there are many other structures 
which fit naturally into the study of groupoids. We give some basic examples 
that will be needed in the subsequent considerations. 

Examples of groupoids: 

1. Groups: A group G is a groupoid with base B = {e} (the unit element) 

and G * G = G X G. 

2. Spaces. A space X may be regarded as a groupoid on itself with a = 
13 = idx and every element is a unity. 

3. Equivalence relations. Let £ <Z X x X he an equivalence relation on 
the set X. We give £ the structure of a groupoid on X in the following 

way: a is the projection onto the second factor of X x X and (3 is the 
projection onto the first factor; the object inclusion map is a; ^ (a;, a;) 
and the partial multiplication is {x,y) {y',z) = {x,z) defined if and only 
if y = y' ■ The inverse of {x,y) is {y,x). Two extreme cases deserve to be 
single out. li£ = X xX, then £ is called the trivial groupoid on X, while 
\i £ = diag{X), then £ is called the co-trivial groupoid on X (and may 
be identified with the groupoid in example 2). 
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4. Transformation groups. Let G be a group acting on a set X such that 
for X € X and g € G, gx denotes the transform of a; by <?. Let e be the unit 
element of G. Then Gx X becomes a groupoid on X in the following way: 
a is the projection onto the second factor of G x X and /? is the action 
G X X ^ X itself; the object inclusion map is a; — > (e, x) and the partial 
multiplication is {g, x) {g' , y) = {gg', y) defined if and only if a; = g'y. The 
inverse of {x^g) is [g~^^gx). 

A topological groupoid consists of a groupoid f2 on _B together with topolo- 
gies on i7 and B such that the maps which define the groupoid structure are 
continuous: the projections a,/3 : f2 — > i?, the object inclusion map e : i? — > f2, 
e {u) — u, the inversion map x x^^ from to 17, and the partial multiplica- 
tion from f2 * J7 to where f2 * f2 has the subspace topology from x f2, are 
continuous. 

As a consequence of the definition of a topological groupoid, the inversion 
X ^ x~^ is a homeomorphism, the object inclusion map is a homcomorphism 
onto the base subgroupoid B, the projections are identification maps. If is 
Hausdorff, then B is closed in $7. If i? is Hausdorff, then * is closed in i7 x fi. 

Kirill Mackenzie raised in ^ (p. 31) the following question: given a mor- 
phism F : Q n' , where and Q' are topological groupoids and F is continuous 
on a neighborhood of the base in SI, is it true that F is continuous everywhere? 
Obviously, the answer is affirmative if the groupoid f2 is a group or if f2 is a 
co-trivial groupoid. Also if is a "principal "topological groupoid, Mackenzie 
has proved that the answer is affirmative (Proposition 1.21/p. 30 A "prin- 
cipal" groupoid (Definition 1.18/p. 28 ^) is a topological transitive groupoid 
^ on B which satisfies the following conditions: 

1. For each w £ B, the map /3„ : fii, — > B, defined by f3v (x) — (3 (x) for all 
X G r^i,, is open. 

2. For each v £ B, the map 6^ : fly x Qy ^ il, defined by Sy {x,y) = xy^^ 
for all [x, y) G f^i, X 17^,, is open. 

We shall prove that the result remains true for a locally transitive groupoid 
J7. By a locally transitive groupoid we shall mean a topological groupoid Q. 
on B for which the map /3„ : f7„ ^ _B is open, for each v G B. Also we 
shall prove that in general the answer to the question raised by Mackenzie 
is negative. Moreover, we shall show that for a locally compact groupoid fl 
with non-singleton orbits and having open target projection, if we assume that 
the continuity of every morphism _F at all u G -B implies the continuity of F 
everywhere, then the groupoid must be locally transitive. Furthermore, if 
we suppose that B is an open subset of Q and the answer to the question of 
Mackenzie is affirmative, then B must be a discrete space. In particular, if 17 
is the transformation group groupoid associated with the action of a discrete 
group on a locally compact second countable Hausdorff space B, then f7 has the 
property that every morphism which is continuous on a neighborhood of the 
base must be globally continuous if and only if i? is a discrete space. 
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2 An example of a groupoid morphism which is 
continuous on a neighborhood of the base but 
which is not continuous everywhere 

We shall construct a morphism (in the algebraic sense) F : ^ fl' oi topological 
groupoids with the property that the continuity of on a neighborhood of the 
base in f2 does not imply the continuity of F everywhere on f2. Thus we give a 
negative answer to a question raised by K. Mackenzie in [3] (p. 31). 

Let R be the set of real numbers and Z the set of integer numbers. Let fl 
be the groupoid on R associated with the following equivalence relation 

{(x^y) G R2 : x - y e Z} C R X R. 

If n is endowed with the subspace topology from R x R, is a locally 
compact Hausdorff space. The base subgroupoid of fl 

13 = {{x,x) : a; e R} 

is an open subset in VL. Let SI' be the group of real numbers under addition. 
Let : R — > R be defined by 4){x) =0 for all a; < ^ and (/) {x) = 1 otherwise. 
Let F : — > R be defined by 

F{x,y) = 0(y) -(j){x). 

For all {{x , y) , {y' , z)) G il *il we have 

F{{x,y){y,z)) = F {x,z) ^ <j){z) - <j>{x) 

= (z) - (y) + (y) - (a:) 
= F{y,z) + F{x,y) 

Therefore f is a morphism. Obviously, F is continuous at every {x,x) in Q, but 
it is not continuous at |). 

Remark 1 The groupoid fl is isomorphic and homeomorphic to the transforma- 
tion group groupoid obtained by letting Z act on R. In this setting the morphism 
(cocycle) F is a coboundary determined by the discontinuous function <f>. 

3 Sufficient conditions for the continuity of a 
groupoid morphism 

Theorem 2 Let be a topological groupoid on B. Let us assume that for each 
V G B, the map l3y : Qy B, defined by [3^ {x) — (3 {x) for all x G VL^, is open. 
Let VL' be a topological groupoid and F : Q ^ Vl' be a morphism (in the algebraic 
sense) which is continuous at every ii E B . Then F is continuous everywhere 

on n. 
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Proof. Let {xi)^ be a net converging to x in fi. Let v = a{x) and let 
us note that {(3{xi))^ converges to /3 (x) — /3„ (x) in B. Since f3v : fly ^ B 
is open, we may pass to a subnet and assume that there exists a net 
in converging to x such that /3„ (j/i) = /3 (xi) for all i. The net {yiX~^^^ 

converges to xx^^ = From the continuity of F at /? (x) it follows that 

Ivaii F {yiX^^^ = F ^/3(a;)^, or equivalently \imiF{yi) — F{x). On the other 

hand, the net {y^^Xi) ^ converges to x^^x = a [x). Now from the continuity of 
at a (x) it follows that hm^ F {y^^Xi) — F [a{x)^. Thus 

\miiF{xi) = YiTCLiF [[yiyl^) Xi) =VmiiF [yi[y~'^Xi)) 
= lim, F (2/,) F (yr^x,) = F (x) F (a{x)) 
= F{x). 



4 Necessary conditions for the continuity of a 
groupoid morphism 

Let r2 on S be a locally compact (Hausdorff) groupoid. This means that fl is 
a topological groupoid whose topology is locally compact (Hausdorff). A sub- 
set ^ of 17 is called a-relatively compact if An {K) is relatively compact 
for any compact subset K of B. Jean Renault proved that if is a locally 
compact groupoid whose base B is paracompact, then the base subgroupoid B 
admits a fundamental system of a-relatively compact neighborhoods (Proposi- 
tion IL1.9/p. 56 0). 

Throughout this section we shall fix a system of positive Radon measures 
indexed hy B x B 

{A^, iu,v)eBxB} 
satisfying the following conditions: 

1. supp (A") = il" for all u ^ v. 

2. A^ = if = 0. 

3. sup A" (K) < 00 for all compact K C fl. 

u,v 

4.. Jf (y) dA^^^"' (y) = J f {xy) dA"^"^ [y) for aU x^^l and v G [/3 (x)]. 

A construction of such system of measures can be found in In Section 
1 of [Hj Jean Renault constructs a Borel Haar system {A^, u G B} for the inner 
subgroupoid GO,. One way to do this is to choose a function Fq continuous 
with a-relatively compact support which is nonnegative and equal to 1 at each 



5 



u £ B. Then for each u E B choose a left Haar measure A" on fi" so the integral 
of Fq with respect to AJJ is 1. 

Renault defines A^ = xX^ if a; e 17^ (where xX^ (/) = / f (xy) dX^ (y), as 
usual). If z is another element in 51", then x~^z £ fi^, and since A^ is a left 
Haar measure on fi^, it follows that A^ is independent of the choice of x. If K 
is a compact subset of fi, then sup A" (K) < oo. 

u,v 

Lemma 3 Let be a locally compact groupoid on B , whose base subgroupoid 
B has a fundamental system of a-relatively compact neighborhoods. Let v G B 
and f : G ^ R be a continuous function with compact support. Then for each 
e > there is a symmetric a-relatively compact neighborhood Wg of B, such 
that: 



f{y)dX:<^-Hy) - / f{y)dX^^<^-Hy) 



< eA^(=") {UL) for all xeWe 

where L is the support of f and U is a symmetric a-compact neighborhood of 
B. 

Proof. Since is a locally compact groupoid whose base subgroupoid B has 
a fundamental system of a-relatively compact neighborhoods, by Proposition 
3.4/p. 40 1 , it results that / is left "uniformly continuous". Hence for each 
e > there is a symmetric a-relatively compact neighborhood of B, such 
that 

xeW, ^1/ (xy) - f iy)\ < e for all y G ri"^") 

Let [/ be a symmetric a-compact neighborhood of the base subgroupoid B 
and assume, without loss of generality, that C U . Then 

\f{xy)~f{y)\ <eluL (y) , 

for all X £ We, y & where luL denotes the indicator function of UL. It 

follows that 



/(a;y)dA^(-)(y)~ / f {y) dX^^^Hv) 



< / \f{xy)-f{y)\dX^^^Hy) 



< 

for all a; e We. ■ 



'eluL {y)dX:^^^ iy)=eX:^^HUL) 



Proposition 4 Let be a locally compact groupoid on B , whose base sub- 
groupoid B has a fundamental system of a-relatively compact neighborhoods. 
For each v E B and each continuous function with compact support, / : SI — > R, 
let us denote by F^ . Q H the map defined by 

FJ {x)^ j f {y) dA^(-) ^y)- j f ^y) ^^^^^'^ ^y) allxen. 

Then 
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1. FJ is a morphism of groupoids. 

2. For each e > there is a symmetric neighborhood Wg of the base sub- 
groupoid B such that: 

\F] {x) - F] {u) I = |F/ (a;) I < £ for all x G W^. 

Consequently, FJ is a morphism of groupoids which is continuous at every 
unity u € B. 

Proof. For all {x,y) e f2 * O we have 

{xy) = j f{z) dX'i^y^ (^) - / / (^) d^v^''^ (^) 

= j f{z) dK^y^ (^) - / / (^) d^v^'^ (^) + 

+ j f{z)dK^^^ {z)-J f{z)d\PJ-^ {z) 

= FJ{y) + FJ{x) 

Therefore FJ is a morphism. Let L be the support of /. 

According to the preceding lemma, it follows that for each £ > there is a 
symmetric neighborhood Wg of the base subgroupoid B such that: 

\FJ (x) - F] {u)\ < £A$?(^) {UL) for ah x eWe 

\F] {x) - F] {u)\ < esu^Xi {UL) for all x eWe 
ueB 

Hence FJ is continuous at every u £ B. m 

Proposition 5 Let be a locally compact groupoid on B, whose base sub- 
groupoid B has a, fundamental system of a-relatively compact neighborhoods. 
Let V (z B. Then the following conditions are equivalent: 

1. The map /3t, : f2„ — > i?, (3v {x) = (3 (x) is open (or equivalently, the map 

: fi" — > B, ay {x) = a (x) is open). 

2. For each continuous function with compact support, f : fl ^ R, the map 

u^-lj f{y)dK{y) [:i?^R] 

is continuous at every u € [v]. 

Proof. 1 => 2. Let / : f2 — > R be a continuous function with compact 
support. Let us denote by FJ : f2 — > R the map defined by 

FJ {x) = Jf {y) dK^'^^ iy)-Jf (y) d^v^"'' (y) xen. 
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Let u G [v] and let (ui)^ be a net in B converging to u. Let x € such 
that Pv (x) = u. Since j3y : Vl^ ^ B is open, we may pass to a subnet and 
assume that there exists a net (xi)^ in fly converging to x such that (xi) = Ui 
for all i. Thus, we obtain a net {xiX~^^^ converging to u in Q,. According to 
Proposition^ is continuous at u. Hence 

hm, F; {x,x-^) = 

that is 

lim, F] {xi) - FJ (x) = 0. 

Since FJ (x,) = (/.J (a (x,)) -0^ (/? (x,)) = (j)} {v)-(l,} {u,) and F] {x) = {v) - 
(jfj (it), it follows that limi (jf^ [ui) = (pj {u). 

2 => 1. Let U be an open set in fl and uq G (3^ {U ily). Let xq Q U 
be such that uq — P(xo). Let us choose a compactly supported nonnegative 
continuous function, / : ^ [0, 1], such that f{xo) > and / vanishes outside 
U. Since the map 

I fiy)d\:{y) [-.B^-R] 
is continuous at uq, it follows that 

W=i^u: j f{y) dK iv)>\j f (y) d\7 (?/)} 

is a neighborhood of uq. It is easy to see that W is contained in the set 

i^u: j f{y)dX: (y)^o| 

which is contained in {U O ily) . Therefore P^ {U O ily) is a. neighborhood of 
Uq. m 

Theorem 6 Let Q be a locally compact groupoid on B, whose base subgroupoid 
B has a fundamental system of a-relatively compact neighborhoods. Suppose 
that P, and hence a, are open maps. For each v G B and each continuous 
function with compact support, f : CI Tl, let us denote by FJ : 17 ^ R the 
map defined by 

F] (x) = j f (y) dXf^^ (y^-Jf (2^) ^^^^'^ iy), 
and let us denote by (jfj : B R the map defined by 

0/(") = / fiy)dK{y), n^B. 

For each continuous function with compact support, / : 51 — > R, assume that 
-Fy is continuous on fl. // [v\ is not singleton, then is continuous at every 
u G [v\. 
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Proof. Let u G i? fl [w]. Because [v] contains at least two elements, there 
is vq G [v] such that vq 7^ u. Since u vq, there are two open subsets of -B, 
u E Uo and vq E Vq such that [/q H Vb = 0. Let 5 : S — > [0, 1] be a continuous 
function with the following properties: 

1. g (w) — 1 for all it; in a compact neighborhood U oi u contained in Uq 

2. g{w)^0 for all w ^ U^. 

For each continuous function with compact support, f : Qy —> R, let us set 
fu = f 9° P- For each w E B, we have 

0/, H ^ I fu (y) dK (y)^ I f (y) 9 iP (y)) dK (y) = 

= 9{w)J f{y)dK{y)^9{w)4>){w) 

Therefore (j)){w) = (j))^ {w) for a\\w&U and 4>){w) = for all w G Vb- 

Let (wi) ■ be a net converging to u. Without loss of generality we may assume 
that Ui eU for all i, and hence, </)/ {ui) = (j)fjj (ui) for all i. So to prove that 
is continuous in u it suffices to show that lim^ c/)^^ (ui) ~ (u). Let us choose 
X such that /3 (a;) = m and a (x) — vq. Because /3 : — *■ B is open, we may 
pass to a subnet and assume that there exists a net (xi)^ in Q converging to x 
such that (3 (xi) — Ui for all i. Since FJ^ is continuous on f2, 

hm, Fl {x,) = Fl [x) = 0^^, [v) - (u) = (1) 

On the other hand, lim^ a{xi) — a {x) — vq and for large i we may assume 
that a{xi) G Vq. Hence, (f>'j^{a (xi)) — and from FJ^ (xi) = (j)'j^{a (xi)) — 
(j)"f^{l3{xi)), it follows that 

Fl{x,) = -(p}^{P{x,)). (2) 
ByHandEl it results that lim^ (jf^^ [ui) = (ff^^ (u), as required. ■ 

Corollary 7 Let be a locally compact groupoid on B , whose base subgroupoid 
B has a fundamental system of a-relatively compact neighborhoods. Suppose 
that (3, and hence a, are open maps. For each v G B and each continuous 
function with compact support, / : — > R, let us denote by FJ : ^ R the 
map defined by 

F] i^)^Jf (y) dxf^^ ^y^~ j f {y), ^- 

Then each F^ is a morphism of groupoids which is continuous at every unity 
u (z B. If all morphisms FJ are continuous on Q, then for each v E B with 
non-singleton orbit, the map : fly B, Py (x) = P (x) is open. 
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Proof. According to the preceding theorem, for each v with [v] ^ {v} and 
for each continuous function with compact support, f : Q R, the map 
(Py. B defined by 

rf{u) = I f{y)dX:{y), uGB 

is continuous at every u € [v]. Applying Proposition [Sj it follows that the map 
/3„ : 51^, ^ B, f3y (x) = (3 (x) is open for all u £ B with [v] ^ {v}. ■ 

Corollary 8 Let Q be a locally compact groupoid on B, for which the target 
projection [3 is an open map and whose base subgroupoid B is paracompact. 
Let us assume that for any morphism F : fl H the continuity of F at all 
u G B implies the continuity of F everywhere on Q,. Then for each v £ B with 
non-singleton orbit, the map : fi^ — > B, (3^ (x) — (3 (x) is open. 

Proof. If the base subgroupoid B is paracompact, then B has a fundamen- 
tal system of a-relatively compact neighborhoods (see the proof of Proposition 
II.1.9/p. 56 Therefore the hypotheses of the preceding corollary are satis- 
fied. ■ 

Definition 9 A locally compact groupoid is P-discrete if its base subgroupoid is 
an open subset (Definition L2.6/p. 18 J^). 

The /^-discrete groupoids are generalizations of transformation groups G x 
B ^ B, where the group G is assumed to be discrete. Any locally compact 
groupoid for which (3 (and hence a) is a local homeomorphism is /3-discrete. 
Such groupoids are called etale groupoids (^ p. 46) or sheaf groupoids { (2] p. 
209). 

Corollary 10 Let be a locally compact f3-discrete groupoid, for which the 
target projection [3 is an open map and whose base subgroupoid B is paracompact. 
Let us assume that for any morphism : SI ^ R the continuity of F on a 
neighborhood of B implies the continuity of F everywhere on f2. If for each 
V B the orbit [v] contains at least two elements, thenB is a discrete space. 

Proof. Applying Lemma I.2.7/p. 18 0, it follows that for each v £ B, ily 
is a discrete space. According to the preceding corollary, for each v & B, the 
map /?„ : rj„ ^ B, [3y {x) = (3 {x) is open. Since /?„ {v) = v, it follows that {v} 
is open in _B. ■ 

Remark 11 We have proved that for general topological groupoids the continu- 
ity of a morphism on a neighborhood of the base does not necessarily imply the 
continuity everywhere. Perhaps, the guestion of Mackenzie should be reformu- 
late: For what kind of groupoid morphism does the continuity on a neighborhood 
of the base imply the continuity everywhere ? 
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